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Abstract 



The aim of this paper is to extend Gerstenhaber formal deformations of algebras to the case of 
Hom-Alternative and Hom-Malcev algebras. We construct deformation cohomology groups in low di- 
mensions. Using a composition construction, we give a procedure to provide deformations of alternative 
algebras (resp. Malcev algebras) into Hom-alternative algebras (resp. Hom-Malcev algebras). Then it is 
used to supply examples for which we compute some cohomology invariants. 
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Introduction 

The Horn-Lie algebras were introduced in ll23l l24l to study the deformations of Witt algebra, which is the 
complex Lie algebra of derivations of the Laurent polynomials in one variable, and the deformation of the 
Virasoro algebra, a one-dimensional central extension of Witt algebra. Since then Hom-structures in dif- 
ferent settings (algebras, coalgebras, Hopf algebras, Leibniz algebras, n-ary algebras etc) were investigated 
by many authors (see for example El[2llll|6l[I3|22|Ml2Sl2ll|2i[30l|4l HD). The Hom-alternative 
algebras were introduced by the second author in (271, while Hom-Malcev algebras were introduced by D. 
Yau in iPffl . where connections between Hom-alternative algebras and Hom-Malcev algebras are given. 
A deformation of a mathematical object (for example, analytic, geometric or algebraic structures) is a family 
of the same kind of objects which depend on some parameter. One usually asks does there exist a parameter 
family of similar structures, such that for an initial value of the parameter one gets the same structure one 
started with. 

In the fifties, Kodaira and Spencer developed a more or less systematic theory of deformations of complex 
structures of higher dimensional manifolds. The concept of deformations of complex structures, or of a 
family of complex structures depending differentiably on a parameter, can be defined in terms of structure 
tensors determining the complex structures. Soon in the sixties, Gerstenhaber generalized this to the context 
of algebraic and homological setting lfT7l[T8l [1911201 . He gave a unified treatment of the subjects of defor- 
mations of algebras and the cohomology modules on which the analysis of deformations depends. See also 
il|9j[l2l|25l[3l[33[3a for deformation theory. 

The deformations of Hom-algebras were initiated by the second author and S. Silvestrov in (3jJ, where the 
deformations of Horn-associative and Hom-Lie algebras were investigated. Further developments on the 
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cohomology of Horn-associative and Hom-Lie algebras were given in (21 , where cochain complexes were 
provided. Independently the cochain complex in the case of Hom-Lie algebras was given in (38l . 
In this paper we extend the theory of formal deformation a la M. Gerstenhaber to the context of Hom- 
alternative and Hom-Malcev algebras. This can be seen as an extension of the work done by the authors 
in ifTTTl . Using the general procedure of opposite multiplication, one turns left Hom-alternative algebras 
into right Hom-alternative algebras and vice- versa. Thus we will restrict ourselves to the case of left Hom- 
alternative algebras since any statement with left Hom-alternative algebra has its corresponding statement 
for right Hom-alternative algebra. 

The paper is organized as follows. In Section 1, we review the basic definitions and properties of Hom- 
alternative algebras, Hom-Malcev algebras and give examples. In Section 2, we establish the formal defor- 
mation theory of Hom-alternative algebras and also give some elements of a cohomology of these algebras. 
In Section 3, we provide a way to obtain formal deformations of alternative algebras into Hom-alternative 
algebras using a composition process. Section 4 is dedicated to supplying examples and computations of 
derivations and cocycles of 4-dimensional Hom-alternative algebras. We conclude the paper by Section 
5 in which we study, in a similar way, formal deformations of Malcev and Hom-Malcev algebras. Some 
computations in this paper were done using a software system of computer algebra. 

1 Preliminaries 

We start by recalling the notions of Hom-alternative and Hom-Malcev algebras. Throughout this paper K 
is an algebraically closed field of characteristic zero and A is a vector space over K. We mean by a Hom- 
algebra a triple (A, /j,, a) consisting of a vector space A, a bilinear map fi and a linear map a. In all the 
examples involving multiplication, the unspecified products are either given by skewsymmetry, when the 
algebra is skewsymmetric, or equal to zero. 

First we recall the definition and some properties of Hom-alternative algebras. 

Definition 1.1 ( Il27l ) A left Hom-alternative algebra (resp. right Hom-alternative algebra) is a triple (A,/j,,a) 
consisting of a K-vector space A, a multiplication /j, : A <g> A — > A and a linear map a : A — >• A satisfying 
the left Hom-alternative identity, that is for any x, y in A, 

fi(a(x),fi(x, y)) = n(n{x, x),a(y)), (1) 

respectively, right Hom-alternative identity, that is 

H(a(x),fi(y, y)) = fi{n(x, y),a(y)). (2) 

A Hom-alternative algebra is one which is both left and right Hom-alternative algebra. 

Definition 1.2 Let (A, fi, a) and (A', //, a') be two Hom-alternative algebras. A linear map / : A — >■ A' is 
said to be a morphism of Hom-alternative algebras if the following holds 

M' ° (/ ® /) = / ° fJ- and / o a = a' o /. 

Remark 1.3 ((28 1) Notice that Hom-associative algebras are Hom-alternative algebras. Since a Hom- 
associative algebra is a Hom-algebra (A, /i, a) satisfying fi(a(x), p,(y, z)) = n(^(x, y),a(z)), for any x,y,z in A. 
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The following is an example of Horn-associative algebra which of course is an alternative algebra. 

Example 1.4 Let A = K 3 be the 3-dimensional vector space over K with a basis {e± , e 2 , e 3 }. The following 
multiplication p and linear map a on A define Horn-associative algebras. 

/u(ei,ei) = a ex, n(e 2 ,e 2 ) = ae 2 , 

^(ei,e 2 ) = n(e 2 ,ei) = a e 2 , p(e 2 ,e 3 ) = be 3 , 

M(ei,e 3 ) = /u(e 3 ,ei) = 6e 3 , 

and 

o(ei) = aei, a(e 2 ) = ae 2 , a(e 3 ) = 6e 3 , 
where a, b are parameters in K. 

When a ^ b and b 7^ 0, the equality /u(/x(ei, ei), e 3 )) — /x(ei, /x(ei, e 3 )) = (a — 6)6e 3 makes this algebra 
neither associative nor left alternative. 

Now, we give another example of left Horn-alternative algebra. More general examples will be supplied 
further in the paper. 

Example 1.5 Let A = IK 4 be the ^-dimensional vector space over K with a basis {eo, ei, e 2 , e 3 }. 77ze 
following multiplication p and linear map a on A define a left Horn-alternative algebra. 

/i(e ,e ) = e + e 2 , /i(e 2 , e ) = 2 e 2 , /i(e 3 , e ) = e 2 , 

a(e ) = e +e 2 , a(ei) = 0, a(e 2 ) = 2e 2 , a(e 3 ) = e 2 , 

This Horn-alternative algebra is not alternative since 

^(/i(e + e 3 , e + e 3 ), e ) - /u(e + e 3 , /i(e + e 3 , e )) = -e 2 / 0. 

Remark 1.6 77je Hom-associator o/a Hom-algebra [A, /i, a) is a trilinear map denoted by as Q , and defined 
for any x,y,z £ A by 

as a (x, y, z) = p(a(x),p(y, z)) - p(p(x, y),a(z)). (3) 

In terms of Hom-associator, the identities (fl]) and (0 may be written: as a (x, x,y) = and as a (y, x, x) = 0. 
They are also equivalent, by linearization, to 

/j,(a(x),p(y, z)) - n(p,(x, y),a{z)) + p(a(y),p{x, z)) - p{p{y, x), a{z)) = 0. (4) 

respectively, 

fj,(a(x), n(y, z)) - n(fi(x, y),a(z)) + p(a(x),p(z, y)) - p(p(x, z),a(y)) = 0. (5) 

Remark 1.7 The multiplication could be considered as a linear map fj, : A tg) A — y A, then the condition 
© and © can be written 

p o (a <g> p - p <g> a) o (id m + a{) = 0, (6) 

respectively 

pa(a®p-n®a)o (id® 3 + a 2 ) = 0. (7) 

where id stands for the identity map and o\ and a 2 stand for trilinear maps defined for any x,y,z € A by 
&l {x <8> y ® z) = y ® x <S> z and cr 2 (x (g> y ® z) = x (g> z <g> y. 
Therefore, the identities © and (0) are equivalent respectively to 

as a + as a o a\ = and as a + as a o a 2 = 0. (8) 
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Hence, for any x,y,z € A, we have 

as a (x,y,z) = -as a (y,x,z) and 0S a (x, y, z) = -as a (x, z, y). (9) 
The identity (O leads to the following characterization of Hom-alternative algebras 

Proposition 1.8 A triple [A, p,, a) defines a Hom-alternative algebra if and only if the Hom-associator 
as a (x, y, z) is an alternating function of its arguments, that is 

as a (x,y,z) = -as a (y,x,z) = -as a (x, z,y) = -as a (z,y,x). 



The proof can be found in [271. Further properties of Hom-alternative algebras could be found in E71 and 
iPfll . Now, we give the definition of Hom-Malcev algebras and their connection to Hom-alternative algebras. 

Definition 1.9 ( ll44l ) A Hom-Malcev algebra is a triple (A, [ , ], a) where [ , ] : A x A — > A is a skewsym- 
metric bilinear map and a : A — > A a linear map satisfying for all x,y,z € A 

J a (a(x) , a(y) , [x , z]) = [J a (x,y, z),a 2 (x)] (Hom-Malcev identity) (10) 

where J a is the Hom-Jacobiator which is a trilinear map defined by J a (x, y, z) =O x ,y,z [[%, u], ] with 
O x ,y,z denoting the summation over the cyclic permutation on x, y, z. 

Likewise when a is the identity the Hom-Malcev identity reduces to classical Malcev identity which is 
equivalent, using skewsymmetry to 

[[x,y], [x,z]] = [[[x,y],z],x] + [[[y,z],x],x] + [[[z,x],x],y] 

Remark 1.10 Recall that a Horn-Lie algebra is a Hom-algebra (A, [ , ],a) where the bracket is skewsym- 
metric and satisfies, for x,y,z € A, J a (x, y, z) = 0. Then any Horn-Lie algebra is a Hom-Malcev algebra. 

Example 1.11 ( H441 ) Let A = IK 4 be the ^-dimensional vector space over K with a basis {eo, e±, ey, e^}. 
The following bracket [— , — ] and linear map a on A define a Hom-Malcev algebra. 

[e ,ei] = -(hex + b 2 e 2 + a 2 he 3 ), [e , e 2 ] = -ce 2 , [e , e 3 ] = b\c e 3 , 

[ei,e ] = hiei + b 2 e 2 + a 2 he 3 , [ei, e 2 ] = 26ic e 3) [e 2 ,e ] = ce 2 , 

[e 2 ,ei] = -26ice 3 , [e 3 , e ] = -&ice 3 . 

ai(eo) = e + a 2 e 2 + a 3 e 3 , ai(ei) = 6iei + 6 2 e 2 + a 2 &ie 3 , 

ai(e 2 ) = ce 2 , ai(e 3 ) = &ic e 3 , 

We show in the following the connection between Hom-alternative algebras and Hom-Malcev algebras given 
in iPRl . The Hom-alternative algebras are related to Hom-Malcev algebras as Horn-associative algebras to 
Horn-Lie algebras (see |[28l ) 

Theorem 1.12 ( H441 ) Let (A, fj,, a) be a Hom-alternative algebra. Then (A, [ , ],a), where the bracket is 
defined for all x,y E A by 

[x,y] = n{x,y) - fj>(y,x) 

is a Hom-Malcev algebra. 

We refer to l44l for more properties on Hom-Malcev algebras and Hom-Malcev-admissible algebras. 



and 
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2 Formal Deformations of Horn- Alternative algebras 



We develop, in this section, a deformation theory for Hom-Alternative algebras by analogy with Ger- 
stenhaber deformations ( ifTTI . lfT8l . |[T9l , EOl ). Heuristically, a formal deformation of an algebra A is 
1-parameter family of multiplication (of the same sort) obtained by perturbing the multiplication of A. 
Let (A, no, ao) be a left Hom-alternative algebra. Let K[[t]] be the power series ring in one variable t 
and coefficients in K and let A[[t]] be the set of formal power series whose coefficients are elements of 
A (note that A[[t]] is obtained by extending the coefficients domain of A from K to K[[i]]). Then A[[t]] 
is a K[[t]] -module. When A is fmite-dimensional, we have A[[t]] = A <S>k ^ [[*]]■ One notes that A is 
a submodule of -A [[£]]. Given a IC-bilinear map / : A x A — > A, it admits naturally an extension to 



a K[[t\] -bilinear map / : A[[t]} <g> A[[t]} -> A[[t]], that is, if x = E;>o a i** and V = J2j>o b j tj then 



Definition 2.1 Let (A, /zo > «o) be a left Hom-alternative algebra. Aformal left Hom-alternative deformation 
of A is given by the K[[t]] -bilinear map fi t ■ A[[t]] <g> ->• and the IK [[t]] -linear map a t : A[[i]] -> 
A[[t]], such that fit = Si>o where each /ij is a US-bilinear map iij : A <g> A — >• A (extended to be K[[i]]- 
bilinear), and at = Yli>o where each a, is a US-linear map /ij : A — > A (extended to be K[[t]] -linear) 
such that for x, y, z € A, the following formal left Hom-alternativity identity holds 



fi t {a t {x) ®fit{y®z))- Ih(ih(% ®y)<& a t (z))) + fi t (a t (y) ® /i* (x <8> z)) - ^ (y <g> x) ® a t (z)) = 0. 

(11) 



The identity (fTTT) is called the deformation equation of the Hom-alternative algebras. Notice that here both 
the multiplication and the linear map are deformed. 

2.1 Deformations equation 

Now we investigate the deformation equation. We give conditions on \ii m order for the deformation fi t to 
be Hom-alternative. Expanding the left hand side of the equation (fTTT) and collecting the coefficients of t k 
yields an infinite system of equations given, for any nonnegative integer k, by 



k k—i 



^2^2fii(aj(x) ® ftk-i(y ® z)) - fii(fi k -i(x ® y) ® atj(z))+ 



i=0 j=0 



Mi(«j(y) ® ® z)) - fii(fik-i(y ® ® aj(z)) = o. 



(12) 



The first equation corresponding to k = 0, is the left Hom-alternativity identity of (A, /iq, ao). 
The second equation corresponding to k = 1 can be written 



[fi o (/X! ® a - a ® fii) + fix o (/t ® a - a ® /Uo) 
+A*0 ° (W) ® ai — ai ® /U )] o (id® 3 + cri) = 0, 



(13) 
(14) 



where <j\ is defined on A® 3 by o\ (x ® y ® z) = y ® x ® z. 
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2.2 Elements of Cohomology 

We provide some elements of a cohomology theory motivated by formal deformation theory in the case 
when ao is not deformed. Then the deformation equation becomes 

k 

^ m(a(x) <g> fj, k -i(y ® z)) - fii(fi k _i(x <g> y) <g> a{z))+ 

i=0 

<S> Hk-i(x <g> z)) - m(n k -i(y ®x)® a(z)) = 0. (15) 
Therefore, the equation (fl~3T ) is reduced to 

[Mo o (fii <g> q - a ® Mi) + /ii o (// <X> a - ao <8> Mo)] ° (id® 3 + = 0, (16) 

which suggests that [i\ should be a 2-cocycle for a certain left Hom-alternative algebra cohomology. In the 
sequel we define first and second coboundary operators fitting with deformation theory. Let (^4, \i, a) be a 
Hom-alternative algebra and let C 1 (^4, ^4) be the set of linear maps / : A — > A which commute with a, and 
C 2 (A, A) be the set of bilinear maps on A. We define the first differential 5 l f € C 2 (A, A) by 

J 1 / = / io(/®id)+Mo(id®/)-/o M . (17) 

The map / is said to be a 1-cocycle if 5 l f = 0. We remark that the first differential of a left Hom-alternative 
algebra is similar to the first differential map of Hochschild cohomology of associative algebras. The 1- 
cocycles are derivations. Let 4> £ C 2 (A, A), we define the second differential 5 2 cf) € C 3 (A, A) by 

S 2 (j) = o (<f) ® a - a ® 4>) + 4> o (/j, ® a - a (g> //)] o (id® 3 + tri). (18) 

where <ti is defined on A® 3 by a"i(x ® y ® z) = y <g> x ® z. 

Proposition 2.2 77ie composite 5 2 o S 1 is zero. 

Proof. Let a;, y, z € A and / € C X (A A), 

S 1 f(x ®y) = n{f{x) ®y) + fi(x ® /(y)) - ® y)). 

In order to simplify the notation, the multiplication is denoted by concatenation of terms and the tensor 
product is removed on the right hand side. Then 

5 2 (6 1 f)(x ®y®z) = a{x)f{yz) + f{a{x))(yz) - f[a{x){yz)\ + a{x)[yf{z) + f(y) z - f(yz)}+ 
+ oi{y)f{xz) + f(a(y))(xz) - f[a{y){xz)) + a{y)[xf(z) + f(x) z - f(xz)]+ 

- [(xy)f(a(z)) + f(xy)a(z) - f((xy)a(z))} - [xf(y) + f(x) y - f{xy)]a(z)+ 

- [(yx)f(a(z)) + f(yx) a(z) - f ((yx)a(z))} - [yf(x) + f(y) x - f(yx)]a(z), 
= 0, 

since / and a commute and the multiplication fi is Hom-alternative. □ 

The group of the images of 5 1 , denoted B 2 (A, A), corresponds to the 2-coboundaries and the kernel of 5 2 , 

denoted Z 2 (A, A), gives the 2-cocycles. The 2-cohomology group is defined as the quotient H 2 (A, A) = 

Z 2 (A,A) 
B*(A,A)- 
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Remark 2.3 To define higher order differentials one needs to consider left Horn-alternative multiplicative 
p-cochain, which are a linear maps f : A® p — > A, satisfying 

a o /(s , ...,x n _i) = f(a(x ),a(xi), ...,a(x n -i)) for all x ,xi, ...,x n -i <E A. 

In /|2]/, it is shown that C(A, A) = (B^LqC p (A, A) carries a structure of Gerstenhaber algebra and leads to 
a complex for Horn-associative algebras. It turns out that the operad of alternative algebras is not Koszul 
HIO\l . We conjecture that it is also the case for Horn-alternative algebras. Obviously one may set 5 P = Ofor 
p > 3 but we expect that there is a nontrivial minimal model. 

The deformation equation ( fT5l ) may be written using coboundary operators as 

S 2 p k (x ®y®z) = - Ya=i tH(a(x) <8 p k -i{y <S> z)) - m(fj, k -i(x ®y)® a{z)) + 

Vi{ct{y) <g> (J,k-i(x <S> z)) - fii(nk-i(y ®x)® a(z)), (19) 

where k is any nonnegative integer. Hence we have 

Proposition 2.4 Let (A, p,Q, olq) be a Horn-alternative algebra and {A, pt, &o) be a deformation such that 
pt = X^i>o M**' '■ Then fi\ is a 2-cocycle, that is 5 2 p\ = 0. 

2.3 Equivalent and trivial deformations 

In this section, we characterize equivalent as well as trivial deformations of left Hom-alternative algebras. 

Definition 2.5 Let (A, po,ao) be a left Hom-alternative algebra and let (At, fit, at) and (A[, fi' t , a' t ) be two 
left Hom-alternative deformations of A, where fit = Si>o*Vij K = Si>o* l K> w ^ = Mo> an< ^ 
a t = J2i>0 t%a i> a 't = J2i>0 t%a 'i> witn °o = a 'o- 

We say that the two deformations are equivalent if there exists a formal isomorphism p t : A[[t]] — > A[[t]], 
i.e. a K[[t]] -linear map that may be written in the form p t = X^i>o = id + tp\ + t 2 p2 + . . ., where 
Pi G End^(A) and po = id are such that the following relations hold 

p t o p t = n't ° (A ® p<) and a ' t o Pt = p t o a t . (20) 

A deformation Aj of Ao is said to be trivial if and only if A t is equivalent to Aq (viewed as a left Hom- 
alternative algebra on -A [[£]]). 

We discuss in the following the equivalence of two deformations. The two identities in d20l may be written 

as 

Pt(p t (x ®y)) = p' t (pt(x) Pt(y)), Vx,yeA. (21) 

and 

pt(a t (x)) = a' t (pt(x)), ViGA (22) 

Equation (|2TI ) is equivalent to 

PiMx ® y))t^ = »i(Pj( x ) ® (23) 

i,j>0 i,j,k>0 
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By identification of the coefficients, one obtains that the constant coefficients are identical, i.e. 

fJ>o = Po because po = id. 

For the coefficients of t 

and since <po = id, it follows that 

pi{x,y) +pi{no(x® y)) = tA.(x®y) + po(pi(x) ® y) + p>q{x® P\{y))- (24) 

Consequently, 

p'i{x®y) = P\{x®y) + pi(po(x <g> y)) - po{pi(x) ®y)- po(x <g> pi(y)). (25) 
The homomorphism condition of equation (l22l) is equivalent to 

i,j>0 i,3,>0 

which gives ao = a' modulo t, and 

Pi o ao + Po ° ol\ = a' o pi + a'i o pq modulo t 2 . (26) 

The second order conditions of the equivalence between two deformations of a left Hom-alternative algebra 
is given by (|25T ) which may be written as 

p'i{x®y) = pi(x®y) - 5 l pi(x®y). (27) 

In general, if the deformations p t and p! t of are equivalent then p[ = p\ + 8 l f\. Therefore, we have the 
following 

Proposition 2.6 Let {A, po, ao) be a Hom-alternative algebra and {A, pt,oeo) be a deformation such that 
pt = Sj>o l 1 ^ 1 - The integrability of pi depends only on its cohomology class. 

When we deform only the multiplication, the elements of H 2 {A, A) give the infinitesimal deformations 
( pt = po + tpi). We have also the following 

Proposition 2.7 Let [A, pq, ao) be a left Hom-alternative algebra. There is, over K[[t]]/t 2 , a one-to-one 
correspondence between the elements of H 2 {A, A) and the infinitesimal deformation of A defined by 

Pt{x <8 y) = po(x <8> y) + tpi(x <g> y), \/x,y G A. (28) 

Proof 1 The deformation equation is equivalent to 5 2 p\ = 0. 

3 Deformation by Composition 

In this section, we construct deformations of left alternative algebras using the composition Theorem given 
in |[27l . which provides a method of obtaining left Hom-alternative algebras starting from a left alternative 
algebra and an algebra endomorphism. Also, we use the notion of nth derived Hom-algebras introduced 
in Pffl to construct other deformation of left alternative algebras viewed as Hom-algebras. We start by 
recalling the composition theorems of left alternative algebras. 
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Theorem 3.1 ( 11271 ) Let (A, u) be a left alternative algebra and a : A — > A be an algebra endomorphism. 
Set [i a = a o n, then (A, fj, a ,a) is a left Horn-alternative algebra. 

Moreover, suppose that (A',p') is another left alternative algebra and a' : A' — > A' is an algebra endo- 
morphism. If f : A — > A' is an algebras morphism that satisfies f o a = a' o f then 

f : (A, n a , a) — > (A',/j,' a ,,a') 

is a morphism of left Horn-alternative algebras. 

Remark 3.2 Theorem (13. li gives a procedure of constructing Horn-alternative algebras using ordinary al- 
ternative algebras and their algebra endomorphisms. More generally, given a left Horn-alternative algebra 
(A, u, a), one may ask whether this Horn-alternative algebra is induced by an ordinary alternative algebra 
(A, Jl), that is a is an algebra endomorphism with respect to Jl and u = a o Jl. This question was addressed 
and discussed for Horn-associative algebras in / I74] 177] \I6\l . Now, if a is an algebra endomorphism with 
respect to Jl then a is also an algebra endomorphism with respect to /i. Indeed, 

/i(a(x),a(y)) = a o Jl(a(x) , a(y)) = a o a o Jl(x, y) = a o p,(x, y). 

If a is bijective then a -1 is also an algebra automorphism. Therefore one may use an untwist operation on 
the Horn-alternative algebra in order to recover the alternative algebra (Jl = a" 1 o fi). 

The previous procedure was generalized in fi4l to nth derived Hom-algebras. We split the definition given 
in fi4l into two types of nth derived Hom-algebras. 

Definition 3.3 ( Il44l ) Let (A, u, a) be a multiplicative Hom-algebra and n > 0. The nth derived Hom- 
algebra of type I of A is defined by 

A n = [A, />) = a n o (j,, a n+1 ) , (29) 
and the nth derived Hom-algebra of type 2 of A is defined by 

A n =(A,^=a 2n - l o^a 2n ). (30) 

Note that in both cases A = A, A 1 = (A, = a o u, a 2 ) and A n+1 = (A™) 1 . 
Observe that for n > 1 and x,y, z S iwe have 

^ n \^(x,y),a n+1 (z)) = a"o U (a"ou(x,y),a" +1 (z)) 

= a 2n o fi(fi(x,y),a(z)). 

Therefore, following P4l . one obtains the following result. 

Theorem 3.4 Let (A, a, a) be a multiplicative left Horn-alternative algebra (resp. Horn-alternative alge- 
bra). Then the nth derived Hom-algebra of type 1 is also a left Horn-alternative algebra (resp. Horn- 
alternative algebra). The same holds for multiplicative Horn-associative algebras. 

Now, we use Theorem [3j] and Theorem l3.4l to obtain a procedure of deforming left Hom-alternative algebras 
by composition. 
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Proposition 3.5 Let (A, uq) be a left alternative algebra and at be an algebra endomorphism of the form 
at = id + Y^>i t l OLi, where a% are linear maps on A, t is a parameter in K and p is an integer. Set 
Ht = a t o a. 

Then (A, pit, at) is a left Horn-alternative algebra which is a deformation of the alternative algebra viewed 
as a Horn-alternative algebra ( A, uq, id). 

Moreover, the nth derived Hom-algebra of type 1 

^=(A/4 n) =«t°Mt,«t +1 ). (3D 

is a deformation of (A, n, id). 

Proof 2 The first assertion follows from Theorem \3.1\ In particular for an infinitesimal deformation of the 
identity a t = id + ta±, we have p t = n + t a i a - 

The proof of the left Hom-alternativity of the nth derived Hom-algebra (A, fit, at) follows from the fact 
that, for n > 1 and x,y, z € A, we have 

/4 n Vi n W),a? +1 W) = aro^(a«o^(x,y),ar +1 W) 

= a t n Vt(lit(x,y),a t (z)). 

In case n = 1 and at = id + ta\ the multiplication is of the form 

/i^ = (id + tai) o (id + tat) o p 
= fi + 2ta\ o a + t a 1 o a 

and the twist is af = (id+tai) 2 = id+2ta\-\-t 2 a\. Therefore we get another deformation of the alternative 
algebra viewed as a Horn-alternative algebra (A, u ,id). The proof in the general case is similar. 

Remark 3.6 Proposition \3. 5\ is valid for Horn-associative algebras, G-Hom-associative algebras and Horn- 
Lie algebras. 

Remark 3.7 More generally, if (A, /x, a) is a multiplicative left Horn-alternative algebra where a may be 
written of the form a = id + ta\ , then the nth derived Hom-algebra of type 1 

A?=(A,^ =a n ou,a n+1 ), (32) 

gives a one parameter formal deformation of (A, u,a). But for any a one obtains just new left Horn- 
alternative algebras. 

4 Examples of Deformations and Computations 

In this section we provide examples of deformations of left alternative algebras. Using Proposition 13.51 we 
construct left Horn-alternative formal deformations of the 4-dimensional left alternative algebras which are 
not associative (see ED). These algebras are viewed as left Horn-alternative algebras with identity map as 
a twist. To this end, for each algebra, we provide all the algebra endomorphisms which are infinitesimal 
deformations of the identity, that is of the form at = id + ta±, where a\ is a linear map. Therefore, left 
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Hom-alternative algebras are obtained from left alternative algebras and correspond to left Horn-alternative 
formal deformations of these left alternative algebras. 

There are exactly two alternative but not associative algebras of dimension 4 over any field ll21~ll . With 
respect to a basis {eo, e±,e 2 , e 3 }, one algebra is given by the following multiplication 

M4,i( e o,eo) = e , /M,i(eo, ei) = e±, ^A,i(e 2 ,e ) = e 2 , (33) 
M4,i(e2,e 3 ) = ei, /M,i(e 3 , e ) = e 3 , ^4,i(e 3 ,e 2 ) = -e\. 
The other algebra is given by 

^4,2(eo,e ) = e , ^4,2(eo,e 2 ) = e 2 , ^4,2(eo,e 3 ) = e 3 , (34) 
A*4,2(ei,e ) = ei, ^4,2^2, e 3 ) = ei, M4,2(e 3 ,e 2 ) = -e\. 

These two alternative algebras are anti-isomorphic, that is the first one is isomorphic to the opposite of the 
second one. 

In the following we characterize the homomorphisms which induce left Hom-alternative structures on 
the 4-dimensional left alternative algebras, given by (|33l and d34l which are not associative and also on the 
Octonions algebra (see Q or ll27l for the multiplication table). Straightforward calculations give 

Proposition 4.1 The only left Hom-alternative algebra structure on ^-dimensional left alternative algebras 
defined by the multiplications (1331 ) or (1341 ) is given by the identity homomorphism. The same holds for the 
octonions algebra. 

4.1 Examples of Deformations by Composition 

We provide for the 4-dimensional left alternative algebras denned by the multiplications (l33l or (l34l the 
algebra endomorphisms which may be viewed as infinitesimal deformations of the identity. Then according 
to Theorem (13.11 ), the linear maps yield Hom-alternative infinitesimal deformations of the left alternative 
algebras denned by and \x^i- 

Proposition 4.2 The infinitesimal deformations a of the identity which are algebra endomorphisms of the 
alternative algebra p,^\, defined above by the equation (133b . are given with respect to the same basis by 

"(eo) = e + t(ai e x + a 2 e 2 + a 3 e 3 ), 

a{e\) = e\ + £(-04*25 + a 6 + a-j + a 6 a 7 ) e±, 

a(e 2 ) = e 2 + t[(a 3 - a 2 a 5 + a 3 a 6 )ei + a 6 e 2 + a 5 e 3 ], 

a(e 3 ) = e 3 + t[(— a 2 + a 3 a4 — ^a^ei + 04 e 2 + a-j e 3 ]. 

where ai, • • • , 07 G IK are free parameters. 

Hence, the linear map a and the following multiplication pX^\ defined by 

fU~i(eo, eo) = eo + t{a\ e\ + a 2 e 2 + a 3 e 3 ), 
/^(eo, ei) = ei + t(-a 4 a 5 + a 6 + a 7 + a 6 a 7 ) ex, 
lM~i{e 2 , e ) = e 2 + t[(a 3 - a 2 a 5 + a 3 a 6 )ei + a 6 e 2 + a 5 e 3 ], 
/Hi(e2, e 3 ) = ei + t(-a 4 a 5 + a 6 + a 7 + a 6 a 7 ) ei, 
Ju^i(e3, e ) = e 3 + i[(-a 2 + a 3 a 4 - a 2 a 7 )e\ + a 4 e 2 + a 7 e 3 ], 
/Hi(e 3 , e 2 ) = -ei - t(-a 4 a 5 + a 6 + a 7 + a 6 a 7 ) ei. 
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determine 4-dimensional Horn-alternative algebras. 
For the alternative algebra defined by ^4 2 we obtain 

Proposition 4.3 The infinitesimal deformations a of the identity which are algebra endomorphisms of the 
alternative algebra p^ 2 , defined above by the equation (1341 ), are given with respect to the same basis by 

a(eo) = e + t(ai e\ + a 2 e 2 + a 3 e 3 ), 

a(ei) = ei + ^(-0405 + a§ + a-j + a^) e±, 

a(e 2 ) = e 2 + i[-(a 3 - a 2 a<s + a 3 a 6 )ei + a& e 2 + 05 63], 

a(e 3 ) = e 3 + t[-{—a 2 + a 3 a4 — a 2 a-j)e\ + a^e 2 + a 7 e 3 ]. 

where a\, ■ ■ ■ , a 7 G IK are free parameters. 

Hence, the linear map a and the multiplication p^~ 2 defined by 

lM~2(eo, e ) = e + t(a\ e\ + a 2 e 2 + a 3 e 3 ), 

/^2(eo, e 2 ) = e 2 + i[-(a 3 - a 2 a 5 + a 3 a 6 )ei + a 6 e 2 + a 5 e 3 ], 

/M^(eo, e 3 ) = e 3 + i[-(-a 2 + a 3 a 4 - a 2 a 7 )ei + a 4 e 2 + 07 e 3 ], 

Ju^(ei,e ) = ei + i(-a 4 a 5 + a 6 + 07 + ^07) ei, 

/M^(e2, e 3 ) = ei + i(-a 4 a 5 + a 6 + 07 + 06a 7 ) e l5 

^2(e 3 , e 2 ) = -ei - t(-a 4 a 5 + a 6 + a 7 + a 6 a 7 ) ei. 

determine 4-dimensional Horn-alternative algebras. 

Remark 4.4 We may use Proposition \3.5\ to construct deformations of higher degrees. For example 

(1) 22 
= p, + 2ta o |U + t a o /j, 

and 

at = id + 2ta + t 2 a 2 
define deformations of degree 3 by setting fj, = fj,^i (resp. fi = m t2 ). 

4.2 Derivations and cocycles 

In the following we compute the derivations and the 2-cocycles of some 4-dimensional alternative algebras. 

Recall that a derivation of a left Hom-alternative algebra (A, p,, a) is given by a linear map / : A — >• A 
satisfying 

fi(f(x) ®y) + n{x ® f{y)) - f{p{x ® y)) = 0. 

Proposition 4.5 The derivations of the A-dimensional alternative algebras defined by (1331 ) and (1341 ) viewed 
as Hom-alternative algebras are given with respect to the same basis by 

/(e ) = h ei + b 2 e 2 + 6 3 e 3 , /(ei) = (64 + b 5 ) e 1 , 

f{e 2 ) = b 3 ei + 64 e 2 + 6 6 e 3 , /(e 3 ) = -b 2 e x + b 7 e 2 + b 5 e 3 . 

where b±, ■ ■ ■ , 67 € IK are free parameters. 
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Recall that a 2-cocycle of a left Hom-alternative algebra (A, fi, a) is given by a linear map ip : A x A — > A 
satisfying 

6 2 tp(x, y,z) = \i o (tp(x, y),a(z)) - n(a(x), tp(y, z)) + ip o (p,(x, y),a(z)) - tp(a(x), fi(y, z)) (35) 
+^ ° (^(y, x), a(z)) - n(a{y), cp(x, z)) + ip o (/%, x), a(z)) - (p(a(y),n(x, z)) 

= 0. 



We then have the following 

Proposition 4.6 77ze 2-cocycles of the 4-dimensional alternative algebras defined in (1331) viewed as Hom- 
alternative algebras are given with respect to the same basis by 



^(eo,e ) = Ai e , 


<p(e ,ei) 


= Ai ei + A 2 e 2 + A 3 e 3 , 


f(eo,e 2 ) = A 4 e - A 5 e 1 , 




= A6 eo — A 7 ei, 


e ) = A 8 e - A 2 e 2 - A 3 e 3 , 


¥>(ei,ei) 


= A 8 ei, 


y(ei,e 2 ) = A 3 ei, 


¥>(ei,e 3 ) 


= -A 2 ei, 


V ? ( e 2,e ) = A 9 ei + Ai e 2 , 


y(e2,ei) 


= (A 4 - A 3 ) ei + A 8 e 2 , 


V(<52,e 2 ) = A 4 e 2 , 


^(e 2 ,e 3 ) 


= -A 8 e - Aio ei + (A 2 + A 6 ) e 2 + A 3 e 3 


V(e3,e ) = A 7 ei + Ai e 3 , 


^(e 3 ,ei) 


= (A 2 + A 6 ) ei + A 8 e 3 , 


y(e3, e 2 ) = As eo + Aio ei - A 2 e 2 + (A4 - A3) e 3 , 


(£(e 3 ,e 3 ) 


= A 6 e 3 . 


where Aj G K w/?/j 1 < i < 10 are free parameters. 






The cohomology classes of these 2-cocycles are 


trivial. Hence the Hom-alternative algebra is rigid in 


the class of alternative algebras. 






For the 4-dimensional alternative algebras defined in 


(l34l we obtain 


Proposition 4.7 The 2-cocycles of the 4-dimensional alternative algebras defined in (1341) viewed as Hom- 


alternative algebras are given with respect to the same basis by 




v(eo,e ) = Ai eo, 


¥>(eo,ei; 


1 = A 2 e + A 3 e 2 + A 4 e 3 , 


V?( e o,e 2 ) = -A 5 ei - Ai e 2 , 


¥^(eo,e 3 ; 


1 = A 6 ei - Ai e 3 , 


eo) = Ai ei - A 3 e 2 - A 4 e 3 , 


y(ei,ei; 


1 = A 2 ei, 


y(ei, e 2 ) = (A 7 - A 8 ) e 1 + A 2 e 2 , 


V(ei,e 3 ; 


1 = (A 9 + Aio) ei + A 2 e 3 , 


v( e 2,eo) = A 7 e + A 5 ei, 


^(e2,ei; 


1 = A 8 ei, 


V?(e 2 ,e 2 ) = A 7 e 2 , 


¥^(e 2 ,e 3 ; 


1 = -A 2 e + An ei - A 3 e 2 + (A 7 - A 8 ) e ; 


v( e 3,eo) = A 9 e - A 6 ei, 


y(e3,ei; 


1 = -Aio ei, 


</>(e 3 , e 2 ) = A 2 e - An ei + (A 9 + Ai ) e 2 + A 8 e 3 


> ¥?(e3,e 3 ; 


1 = A 9 e 3 . 



where Aj G K w/f/z 1 < i < 11 are free parameters. 

The cohomology classes of these 2-cocycles are trivial. Hence the Hom-alternative algebra is rigid in 
the class of alternative algebras. 
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We compute now the derivation, the 2-cocycles and the 2-cohomology group of the 4-dimensional Horn- 
alternative algebras, which are not alternative algebras, given by 

fi(eo,eo) = eo + ta\ ei, /i(eo, ei) = e\ + i(-a 2 a 3 + a 4 ) ei, (36) 

M( e 2, e ) = e 2 + ta 4 e 2 + ta 3 e 3 , ^(e 2 , e 3 ) = ei + t(-a 2 a 3 + a 4 ) ei, 

M e 3, e ) = e 3 + ta 2 e 2 , /i(e 3 , e 2 ) = -ei - t(-a 2 a 3 + a 4 ) ei. 

a(e ) = e + tai ei, a(ei) = e\ + t(-a 2 a 3 + a 4 ) ei, (37) 

a(e 2 ) = e 2 + ia 4 e 2 + ta 3 e 3 , a(e 3 ) = e 3 + ia 2 e 2 . 

where ai,a 2 ,a 3 ,a 4 6 IK are free parameters. These Hom-alternative algebras are particular cases of the 
Horn-alternative algebras constructed in Proposition [ 



Proposition 4.8 The derivations f of the A-dimensional Hom-alternative algebras defined in (1361 ) and (1371 ) 
are given with respect to the same basis by 

/(eo) = h ei, 

/(ei) = -61 ( )ei, 

a i 

,, . 6 4 a 2 a 3 - 6ia 4 + 6 2 a 4 a 3 (&ia 2 a 3 - 6ia 4 + 26 2 ai) 

/(e 2 ) = e 2 e 3 , 

ai aia 4 

a 2 (6ia 2 a 3 - 6ia 4 + 26 2 ai) 

/(e 3 ) = e 2 + 6 2 e 3 . 

ai<2 4 

where b±, 6 2 € K are free parameters. 
and for the 2-cocycles we obtain 

Proposition 4.9 77ie ora/j 2-cocycle of the 4-dimensional Hom-alternative algebras defined in (1361 ) and (1371 ) 

corresponds to the multiplication (136b . Moreover there exist a linear map g such that p = 5 1 g with g defined 
by 

g(e ) = e , 

ff(ei) = ^e + (f2 + ^3 - l)ei + v±e 2 - z^e 3 , 
ff(e 2 ) = z^eo + ^e 2 + f 6 e 3 , 
#(e 3 ) = ^0 + ^e 2 + fse 3 . 

where Vi £ K tvi//i 1 < i < 8 are free parameters. 
Hence the cohomology class of p is zero. 



5 Deformations of Hom-Malcev algebras 

In this section we study the formal deformation of Hom-Malcev algebras. Under the same assumptions as 
in Section 2 we define the 1 -parameter formal deformation of a Malcev algebra as 



14 



Definition 5.1 Let Abe a "K-vector space and (A, [ , ]q, oq) be a Hom-Malcev algebra. A Hom-Malcev 
1 -parameter formal deformation is given by the K[[t]]-bilinear map [ , ]t : A[[t]] X A[[t]] — > A[[t]] and 
~K[[t]]-linear map at : A[[i\] — > A[[t)] of the form 

[,} t = ^2[,]it l and a t = (38) 

i>0 i>0 

where each [ , ]j : A x A — > A is a ¥L-bilinear map (extended to be M,[[t]]-bilinear) and each on : A —> A 
is a ¥L-linear map (extended to be ~K[[t]]-linear), satisfying for x,y,z G A the following identity: 

J at (a t (x),a t (y),[x,z] t ) = [J at (x, y, z), a 2 t (x)) t (39) 

where J at is the Hom-Jacobiator defined for x,y, z G A by J at (x, y, z) =O x ,y,z [[x, y]t, ctt(z)]t- 

We have 

J at (x,y,z) = Ox,y,z[[x,y}t,a t (z),}t 

= Yl O x , y , z [[x,y}i,a k {z)y i+ i +k . 

i,j,k>0 

We introduce the following notation Ja J which is a trilinear map defined by 

J l a(x,y,z) =O x ,y,z [[x , y] { , a(z)]j , (40) 

where a is a linear map and [ , ]j and [ , ]j are bilinear maps. 
Therefore the left hand side of the identity (l39l gives 

J at (a t (x),a t (y),[x,z] t ) = ^ J^ r (a p (x),a q (y),[x, z] k )t i+ ^ k+ ^ +r . (41) 

i,3,k,p,q,r>0 

While the right hand side of (l39l gives 

[J at (x,y,z),a 2 t (x)] t = [(0^, 2 [Kt/] i ,ar(2)] J ),a p o a ,(,)] fc f+^+ r (42) 

i,j,k,p,q,r>0 

£ [J%(x, y, z),a p o a q (x)} k t i+ ^ k +^+ r 

i,j,k,p,q,r>0 

Equating (|4TT) and (|42l) yields Hom-Malcev identity of the original Hom-Malcev algebra, for the degree 
terms. The terms of degree 1 lead to a 12 terms identity which reduces, when the twist map ao is not 
deformed to the following identity 

Ja'o{ao(x),a {y), [x,z] ) + Ja^(a (x),a (y), [x,z] ) + (a (x) , a {y) , [x,z]x) (43) 
-[Jao{x,y,z),al(x)] - [J% (x,y,z),o%(x)] Q - [J%o(x,y, z),o%(x)]i = 

This identity and the study of trivial and equivalent deformation suggests to introduce the following 
1-coboundary and 2-coboundary operators for a Hom-Malcev algebra (A, [ , ], a). Let C™(A, A) be the set 
of skewsymmetric a-multiplicative re-linear maps on A. We define the first differential 5 1 f G C 2 (A, A) by 

= [ , ] o (/ ® id) + [ , ] o (id /) - / o [ , ]. (44) 

The second differential 5 2 (f) G C^(A, A) where 4> G C 2 (A, A) and denoted by 4> = [, ]i, is defined by 

6 2 c/)(x,y,z) = Jao(ao(x),a (y), [x,z] ) + J a ' (a (x), a {y), [x,z] ) + Jd (a (x), a (y), [x,z)i) 

-[Jao{x,y,z) : al(x)] - [J°o{x,y,z),al(x)] - [Jao(x, y, z), a§(x)]i (45) 
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5.1 Deformation by composition 

In the sequel we give a procedure of deforming Malcev algebras into Hom-Malcev algebras using the fol- 
lowing two Theorems. 

Theorem 5.2 ( H44I ) Let (A, [ , ]) be a Malcev algebra and a be an algebra endomorphism on A. Then the 
Hom-algebra (A, a o [ , ],a) induced by a is a Hom-Malcev algebra. 

Theorem 5.3 ( 11441 ) Let (A, [ , ],a) be a Hom-Malcev algebra. Then the nth derived Hom-algebra of type 
2 

(AU^W^oM," 2 ") 

is also a Hom-Malcev algebra. 

We provide a procedure to deform Malcev algebras by composition. 

Proposition 5.4 Let (A, [ , ]) be a Malcev algebra and at be an algebra endomorphism of the form at = 
id + 2~2i>i t l o<i, where a,% are linear maps on A, t is a parameter in K and p is an integer. 
Let [ , ]t = at o [ , ], then (A, [ , ]t, at) is a Malcev algebra which is a deformation of the Malcev algebra 
viewed as a Hom-Malcev algebra (A, [ , ],id). 

Moreover, the nth derived Hom-algebra of type 2 

^=(A[,f ) = «r i o[,] t ,af), (46) 

is a deformation of (A, [ , ], id). 

Proof 3 The first assertion follows from Theorem \5.2\ In particular for an infinitesimal deformation of the 
identity at = id + ta±, we have [,]< = [,]+ ta\ o [ , ]. 

The proof of the Hom-Malcev identity of the nth derived Hom-algebra (A, [ , ]t, at) follows from the 
Theorem \5.3\ In case n = 1 and at = id + ta\ the bracket is 

[,] f (1) = (id + tat) o (id + tax) o [ , ] 
= [ , ] + 2ta x o [ , ] + t 2 a\ o [ , ] 

and the twist map is a\ = (id + ta\) 2 = id + 2ta\ + t 2 a\ . Therefore we get another deformation of the 
Malcev algebra viewed as a Hom-Malcev algebra (A, [ , ],id). The proof in the general case is similar. 

Remark 5.5 More generally, if (A, [, ],a) is a multiplicative Hom-Malcev algebra where a may be written 
of the form a = id + ta± , then the nth derived Hom-algebra of type 1 

A™=(A,^ n) =a n o[,],a n+l ), (47) 

gives a one parameter formal deformation of (A, [ , ],a). But for any a one obtains just new Hom-Malcev 
algebras. 

Example 5.6 The example ll . 1 l\ is obtained in R44\l by computing the algebra endomorphism of the Malcev 
algebra defined with respect to {eo, &i,e2,es} by 

[e ,ei] = -ei, [e ,e 2 ] = -e 2 , [e ,e 3 ] = e 3 , [ei,e 2 ] = 2e 3 . (48) 
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By specializing the parameters, we consider the following class of the algebra endomorphism which are 
deformation of the identity map 

a(eo) = e + t(e 2 + e 3 ), a(e\) = ei + t(e\ + e 2 + e 3 ) + t 2 e 3 , (49) 

a(e 2 ) = e 2 + te 2 , «(e 3 ) = e 3 + 2te 3 + t 2 e 3 . 

By 77ieorem |5.4| we obtain the Hom-Malcev deformation of the Malcev algebra d48l > g/verc fry 

[eo, ei]t = -ei - i(ei + e 2 + e 3 ) - t 2 e 3 , [e , e 2 ]t = -e 2 - te 2 , 

[eo, e 3 ] t = e 3 + 2te 3 + i 2 e 3 , [ei, e 2 ]t = 2e 3 + 4te 3 + 2t 2 e 3 . 

and the linear map defined in (149b . 

By Ms/ng once again Theorem \5.4\ we obtain the following Hom-Malcev deformations defined by 

[eo, eilJ = -ei - 2t(ei + e 2 + e 3 ) - t 2 (e! + 2e 2 + 5e 3 ) - 4t 3 e 3 - t%, 

[eo, e 2 ]J = -e 2 - 2te 2 - i 2 e 2 , 

[e , e 3 ]* = e 3 + 4te 3 + 6t 2 e 3 + 4£ 3 e 3 + t 4 e 3 , 

[ei, e 2 ]l = 2e 3 + 8te 3 + 12t 2 e 3 + 8t 3 e 3 + 2i 4 e 3 . 

and 

a 2 {e ) = e + t{2e 2 + 2e 3 ) + i 2 (e 2 + 2e 3 ) + t 3 e 3 , 

a 2 (ei) = ei + 2t(ei + e 2 + e 3 ) + i 2 (ei + 2e 2 + 5e 3 ) + 4t 3 e 3 + t 4 e 3 , 

a 2 (e 2 ) = e 2 + 2te 2 + t 2 e 2 , 

a 2 (e 3 ) = e 3 + 4te 3 + 6t 2 e 3 + 4t 3 e 3 + t 4 e 3 . 

Acknowledgment The second author would like to thank the Mathematics Department at the University of 
South Florida for its hospitality while this paper was being finished. 
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